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WUDQVPLVVLRQ DQJOH θ ∈ [0∘, 180∘] 7KH RXWSXW VLJQDO DQG ZHLJKW
FRHIILFLHQWIRUHDFKDQWHQQDDUHUHVSHFWLYHO\GHQRWHGE\xnDQGwn
n = 0,…,N − 1 7KH VWHHULQJ YHFWRU RI WKH DUUD\ LV D IXQFWLRQ RI
DQJXODUIUHTXHQF\ωDQGWUDQVPLVVLRQDQJOHθJLYHQE\
s(ω, θ) = [1, ejωd1cosθ /c,…, ejωdN − 1cosθ /c]T, 
ZKHUH { ⋅ }T LV WKH WUDQVSRVH RSHUDWLRQ DQG F LV WKH VSHHG RI
SURSDJDWLRQ 7KH YHFWRU RI ZHLJKW FRHIILFLHQWV IRU WKHLU
FRUUHVSRQGLQJDQWHQQDVLVUHSUHVHQWHGE\wZLWK
w = [w0,w1,…,wN − 1]
T . 
7KHQWKHEHDPUHVSRQVHRIWKHDUUD\LVJLYHQE\
p(θ) = wHs(ω, θ), 
,(70LFURZ$QWHQQDV3URSDJ
7KH,QVWLWXWLRQRI(QJLQHHULQJDQG7HFKQRORJ\

ZKHUH{ ⋅ }HUHSUHVHQWVWKH+HUPLWLDQWUDQVSRVH
)RU0DU\VLJQDOOLQJVXFKDVPXOWLSOHSKDVHVKLIWNH\LQJWKHUH
DUH0 VHWVRIGHVLUHGDUUD\UHVSRQVHV pm(θ)ZLWKDFRUUHVSRQGLQJ
ZHLJKW YHFWRU wm = [wm, 0,…,wm,N − 1]T m = 0, ,…,M − 1 (DFK
GHVLUHGUHVSRQVHpm(θ)LVIXUWKHUVSOLWLQWRWZRUHJLRQVDFFRUGLQJWR
WKHGLUHFWLRQRIθWKHPDLQOREH pm,MLDQGWKHVLGHOREH pm,SL7KH
PDLQOREH ZLOO KDYH WKH GHVLUHG UHVSRQVH UHSUHVHQWLQJ WKH
FRUUHVSRQGLQJ PRGXODWLRQ V\PERO ZKLOH WKH VLGHOREH KDV D ORZ
JDLQZLWKD VFUDPEOHGSKDVH UHVSRQVH)RUU VDPSOHSRLQWV LQ WKH
PDLQOREHDQGR − rVDPSOHSRLQWVLQWKHVLGHOREHZHKDYH
pm,SL = [pm(θ0), pm(θ1),…, pm(θR − r − 1)]
pm,ML = [pm(θR − r), pm(θR − r + 1),…, pm(θR − 1)] .

$OOFRQVWHOODWLRQSRLQWVIRUDIL[HGθVKDUHWKHVDPHVWHHULQJYHFWRU
DQGZHSXWDOOWKHR − rVWHHULQJYHFWRUVDWWKHVLGHOREHUHJLRQLQWR
DQ N × (R − r) PDWUL[ SSL DQG WKH U VWHHULQJ YHFWRUV DW WKH
PDLQOREHGLUHFWLRQ LQWRDQN × rPDWUL[GHQRWHGE\SML)RU WKH
PWK FRQVWHOODWLRQ SRLQW LWV FRUUHVSRQGLQJ ZHLJKW FRHIILFLHQWV FDQ
EH IRXQG E\ VROYLQJ WKH IROORZLQJ FRQVWUDLQHG RSWLPLVDWLRQ
SUREOHP
min | | pm,SL − wm
HSSL | |2
subject to wm
H
SML = pm,ML,

ZKHUH| | ⋅ | |2GHQRWHVWKHl2QRUP
 3URSRVHG PXOWLFDUULHU '0 VWUXFWXUH ZLWK D JLYHQ DUUD\
JHRPHWU\
7KH SURSRVHG PXOWLFDUULHU EDVHG WUDQVPLW EHDPIRUPLQJ DUUD\
VWUXFWXUH IRU '0 LV VKRZQ LQ )LJ  ZKHUH HDFK DQWHQQD LV
DVVRFLDWHG ZLWK PXOWLSOH IUHTXHQF\GHSHQGHQW ZHLJKW FRHIILFLHQWV
wn,q IRU n = 0,…,N − 1 DQG q = 0,…,Q − 1 7KH EHDPIRUPHU
RXWSXWxn(t)FDQEHUHSUHVHQWHGDVIROORZV
xn(t) = ∑
q = 0
Q − 1
wn,q
∗ ej2π( f0 + ( − (Q/2) + q)Δ f )t
= ∑
q = 0
Q − 1
wn,q
∗ ej2π( − (Q/2) + q)Δ f t × ej2π f0t

ZKHUH f 0 UHSUHVHQWV WKH FDUULHU IUHTXHQF\ DQG Δ f  GHQRWHV WKH
VXEFDUULHUVSDFLQJ
7RGHULYHDGLVFUHWHEDVHEDQGUHSUHVHQWDWLRQRIWKHVWUXFWXUHZH
RPLW WKH FDUULHU IUHTXHQF\ f 0 DQG VXEVWLWXWH t = kts LQWR  IRU
k = 0, 1,…,Q − 1 DQG ts = (1/Δ f × Q) Δ f × Q UHSUHVHQWV WKH
EDQGZLGWK RI WKH EDVHEDQG VLJQDO IURP
−(Q/2) × Δ f , (Q/2) × Δ f  7KHUHIRUH WKH GLVFUHWH EDVHEDQG
VLJQDOLVJLYHQE\
xn(k) = ∑
q = 0
Q − 1
wn,q
∗ ej2π( − (Q/2) + q)Δ f kts
= ∑
q = 0
Q − 1
wn,q
∗ ej2π( − (Q/2) + q)Δ f k(1/Δ f Q)
= Q ×
1
Q
∑
q = 0
Q − 1
wn,q
∗ ej2π( − (Q/2) + q)(k /Q), k = 0, 1,…,Q − 1

ZKHUH (1/Q)∑q = 0Q − 1wn,q∗ ej2π( − (Q/2) + q)(k /Q) LV WKH ,')7 H[SUHVVLRQ RI
wn,q
∗ 7KHUHIRUHPDWKHPDWLFDOO\PRGXODWLQJRQHDFKVXEFDUULHUDQG
WKHQ DGGLQJ WKHP WRJHWKHU LV HTXLYDOHQW WR WDNLQJ DQ ,')7 7KH
RXWSXWVRI,')7DUHWKHQIROORZHGE\DSDUDOOHOWRVHULDOFRQYHUWHU
36 ZLWK WKH WLPH LQWHUYDO ts EHWZHHQ DGMDFHQW VDPSOHV DQG D
GLJLWDOWRDQDORJXHFRQYHUWHU'$)LQDOO\WKHPXOWLSOHEDVHEDQG
VLJQDOVDUHPRGXODWHGWRWKHLUFRUUHVSRQGLQJFDUULHUIUHTXHQF\DQG
WUDQVPLWWHGWKURXJKWKHDQWHQQDV7KHQHZPXOWLFDUULHUVWUXFWXUHLV
UHSUHVHQWHGLQ)LJ
7R KDYH D EHDP SRLQWLQJ WR D FHUWDLQ GLUHFWLRQ WKH VWHHULQJ
YHFWRUIRUWKHTWKIUHTXHQF\LVJLYHQE\
s(ωq, θ) = [1, e
jωqτ1,…, ejωqτN − 1]T
= [1, ej2π( f0 + ( −
Q
2
+ q)Δ f )τ1,…,
ej2π( f0 + ( −
Q
2
+ q)Δ f )τN − 1]T .

ZKHUH τn IRU n = 1,…,N − 1 LV WKH SURSDJDWLRQ DGYDQFH IRU WKH
VLJQDO IURP DQWHQQD Q WR DQWHQQD  DQG LV D IXQFWLRQ RI
WUDQVPLVVLRQDQJOHθUHSUHVHQWHGE\((dncos(θ))/c)7KHQWKHEHDP
UHVSRQVHRIWKHDUUD\DWWKHTWKIUHTXHQF\LVIRUPXODWHGDVIROORZV
p(ωq, θ) = w(ωq)
H
s(ωq, θ), 
DQGw(ωq)LVWKHZHLJKWYHFWRUDWWKHTWKIUHTXHQF\JLYHQE\
w(ωq) = [w0,q,w1,q,…,wN − 1,q]
T . 
6LPLODUO\ IRU0DU\VLJQDOOLQJZHGHILQH pm(ωq, θ)DV WKHGHVLUHG
DUUD\UHVSRQVHWRWKHPWKFRQVWHOODWLRQSRLQWDWWKHTWKIUHTXHQF\
IRU m = 0,…,M − 1 DQG q = 0,…,Q − 1 DQG WKHQ GLYLGH WKHP
LQWR pm(ωq, θML) EHDPUHVSRQVHVDW WKHPDLQOREHGLUHFWLRQVDQG
pm(ωq, θSL)EHDPUHVSRQVHVRYHUWKHVLGHOREHUHJLRQVLQWKHVDPH
ZD\DVLQDFFRUGLQJWRWKHGLUHFWLRQRIθZKHUH
pm(ωq, θSL) = [pm(ωq, θ0), pm(ωq, θ1),…,
pm(ωq, θR − r − 1)]
pm(ωq, θML) = [pm(ωq, θR − r), pm(ωq, θR − r + 1),…,
pm(ωq, θR − 1)] .

)LJ௒1DUURZEDQGWUDQVPLWEHDPIRUPLQJVWUXFWXUH

 ,(70LFURZ$QWHQQDV3URSDJ
7KH,QVWLWXWLRQRI(QJLQHHULQJDQG7HFKQRORJ\
7KH FRUUHVSRQGLQJ ZHLJKW YHFWRU LV UHSUHVHQWHG E\
wm(ωq) = [wm, 0,q,…,wm,N − 1,q]
T 0RUHRYHU S(ωq, θSL) LV DQ
N × (R − r) PDWUL[ LQFOXGLQJ DOO VWHHULQJ YHFWRUV DW VLGHOREH
UHJLRQV DW WKH TWK IUHTXHQF\ DQG WKH VWHHULQJ YHFWRU LQ WKH
PDLQOREHθMLLVDQN × rPDWUL[GHQRWHGE\S(ωq, θML)
)RU WKH PWK FRQVWHOODWLRQ SRLQW DW WKH TWK FDUULHU IUHTXHQF\
EDVHG RQ D JLYHQ JHRPHWU\ LWV FRUUHVSRQGLQJ ZHLJKW FRHIILFLHQWV
FDQEHREWDLQHGE\VROYLQJWKHIROORZLQJFRQVWUDLQHGPLQLPLVDWLRQ
SUREOHP
min | | pm(ωq, θSL) − wm(ωq)
H
S(ωq, θSL) | |2
subject to wm(ωq)
H
S(ωq, θML) = pm(ωq, θML) .

7KH REMHFWLYH IXQFWLRQ DQG FRQVWUDLQW LQ  HQVXUH D PLQLPXP
GLIIHUHQFH EHWZHHQ WKH GHVLUHG DQG GHVLJQHG UHVSRQVHV LQ WKH
VLGHOREH DQGDGHVLUHGFRQVWHOODWLRQYDOXH WR WKHPDLQOREHRU WKH
GLUHFWLRQRI LQWHUHVW7RHQVXUH WKDW WKHFRQVWHOODWLRQ LV VFUDPEOHG
LQ WKH VLGHOREH UHJLRQV WKH SKDVH RI WKH GHVLUHG UHVSRQVH
wm(ωq)
H
S(ωq, θSL)DWGLIIHUHQWVLGHOREHGLUHFWLRQVFDQEHUDQGRPO\
JHQHUDWHG
wm(ωq) = R
−1(S(ωq, θSL)pm
H(ωq, θSL) − S(ωq, θML)
× ((SH(ωq, θML)R
−1
S(ωq, θML))
−1(SH(ωq, θML)
× R−1S(ωq, θSL)pm
H(ωq, θSL) − p
H(ωq, θML)))) .

7KH SUREOHP LQ  FDQ EH VROYHG E\ WKH PHWKRG RI /DJUDQJH
PXOWLSOLHUVDQGWKHRSWLPXPYDOXHIRUWKHZHLJKWYHFWRUwm(ωq)LV
JLYHQLQZKHUHR = S(ωq, θSL)SH(ωq, θSL)
)LJ௒3URSRVHGPXOWLFDUULHUWUDQVPLWEHDPIRUPLQJVWUXFWXUHIRU'0

)LJ௒3URSRVHGPXOWLFDUULHUWUDQVPLWEHDPIRUPLQJVWUXFWXUHIRU'0UHSUHVHQWHGE\,')7

,(70LFURZ$QWHQQDV3URSDJ
7KH,QVWLWXWLRQRI(QJLQHHULQJDQG7HFKQRORJ\

௑/RFDWLRQ RSWLPLVDWLRQ RI DUUD\ DQWHQQDV IRU
PXOWLFDUULHUEDVHG'0
(TXDWLRQLVRQO\IRUGHVLJQLQJWKH'0FRHIILFLHQWVIRUDJLYHQ
VHWRIDQWHQQDORFDWLRQV,QSUDFWLFHZHPD\QHHGWRRSWLPLVHWKH
DQWHQQDORFDWLRQVWRDFKLHYHDQHYHQORZHUFRVWIXQFWLRQLQRU
UHGXFHWKHQXPEHURIUHTXLUHGDQWHQQDVIRUDVLPLODUOHYHORIFRVW
IXQFWLRQ PLQLPLVDWLRQ UHVXOW 7KLV LV D WUDGLWLRQDO VSDUVH DQWHQQD
DUUD\GHVLJQSUREOHP>@0DQ\PHWKRGVKDYHEHHQSURSRVHG
IRU WKH GHVLJQ RI D JHQHUDO VSDUVH DQWHQQD DUUD\ LQFOXGLQJ WKH
JHQHWLF DOJRULWKP >±@ VLPXODWHG DQQHDOLQJ >@ DQG &6 >
±@DQGLQWKHFRQWH[WRIVLQJOHFDUULHU'0LWKDVEHHQVWXGLHG
XVLQJ&6EDVHGPHWKRGVLQRXUUHFHQWSXEOLFDWLRQ>@
)RU&6EDVHGVSDUVH'0DUUD\GHVLJQZLWKDVLQJOHFDUULHU>@
DJLYHQDSHUWXUHUHSUHVHQWHGE\dN − 1DVVKRZQLQ)LJLVGHQVHO\
VDPSOHGZLWKD ODUJHQXPEHU1RISRWHQWLDODQWHQQDVZKHUHWKH
YDOXHVRIdnIRUn = 1, 2,…,N − 1DUHVHOHFWHGWRJLYHDXQLIRUP
JULG 7KURXJK VHOHFWLQJ WKH PLQLPXP QXPEHU RI QRQ]HUR YDOXHG
ZHLJKWFRHIILFLHQWVWRJHQHUDWHDUHVSRQVHFORVHWRWKHGHVLUHGRQH
GHVFULEHG LQVSDUVHQHVV LVDFKLHYHG LQ WKHUHVXOWDQWGHVLJQ ,Q
RWKHU ZRUGV LI D ZHLJKW FRHIILFLHQW LV ]HURYDOXHG WKH
FRUUHVSRQGLQJ DQWHQQD ZLOO EH GHHPHG LQDFWLYH DQG WKHUHIRUH FDQ
EHUHPRYHGOHDGLQJWRDVSDUVHUHVXOW
)ROORZLQJ WKLV LGHD IRU WKH PXOWLFDUULHU VWUXFWXUH LQ )LJ 
ZKHUHHDFKDQWHQQD LVFRQQHFWHG WRPXOWLSOHIUHTXHQF\GHSHQGHQW
ZHLJKW FRHIILFLHQWV ZH FRXOG IRUPXODWH WKH SUREOHP IRU WKH PWK
FRQVWHOODWLRQSRLQWDWWKHTWKFDUULHUIUHTXHQF\DVIROORZV
min | |wm(ωq) | |1
subject to | | pm(ωq, θSL) − wm(ωq)
H
S(ωq, θSL) | |2 ≤ α
wm(ωq)
H
S(ωq, θML) = pm(ωq, θML) .

ZKHUH| | ⋅ | |1LVWKHl1QRUPXVHGDVDQDSSUR[LPDWLRQWRWKHl0QRUP
DQGα LV WKHDOORZHGGLIIHUHQFHEHWZHHQ WKHGHVLUHGDQGGHVLJQHG
UHVSRQVHV
+RZHYHUWKHVROXWLRQWRFDQQRWJXDUDQWHHWKHVDPHVHWRI
DFWLYH DQWHQQD SRVLWLRQV IRU DOO FRQVWHOODWLRQ SRLQWV DW DOO
IUHTXHQFLHV 7KLV PHDQV DQ DQWHQQD FDQQRW EH UHPRYHG LI WKH
FRUUHVSRQGLQJZHLJKWFRHIILFLHQWVIRUDOOFRQVWHOODWLRQSRLQWVDWDOO
IUHTXHQFLHV DUH QRW DOO ]HURYDOXHG LQ RWKHUZRUGV WR UHPRYH DQ
DQWHQQDZHQHHGDOOHOHPHQWVLQWKHYHFWRUw~nWREH]HURYDOXHGRU
| |w~n | |2 = 0ZKHUH
w
~
n = [w0,n, 0,w1,n, 0,…,wM − 1,n, 0,
w0,n, 1,…,wM − 1,n, 1,…,wM − 1,n,Q − 1],

+HUHwm,n,q UHSUHVHQWV WKHZHLJKWFRHIILFLHQWFRUUHVSRQGLQJ WR WKH
QWK DQWHQQD ORFDWLRQ IRU WKH PWK FRQVWHOODWLRQ SRLQW DW WKH TWK
IUHTXHQF\ 7KHQ WR UHGXFH WKH QXPEHU RI HOHPHQWV IRU DQ 1
HOHPHQWDQWHQQDDUUD\ZHJDWKHUDOO | |w~n | |2IRUn = 0,…,N − 1WR
IRUPDYHFWRUw^ JLYHQE\
w
^ = [ | |w~0 | |2 , | |w
~
1 | |2 ,…, | |w
~
N − 1 | |2 ]
T, 
DQGmin | |w^ | |1UHSUHVHQWVWKHPLQLPXPQXPEHURIQRQ]HURYDOXHG
| |w~n | |2 RU WKH VSDUVHVW DQWHQQD DUUD\ 7KLV LGHD LV FDOOHG JURXS
VSDUVLW\>@ZKLFKLVXVHGKHUHIRUILQGLQJDFRPPRQVHWRIDFWLYH
DQWHQQD ORFDWLRQV IRU DOO FRQVWHOODWLRQSRLQWV DW DOO4 IUHTXHQFLHV
0RUHRYHU ZH QHHG WR LPSRVH '0 FRQVWUDLQWV DW DOO IUHTXHQFLHV
7KHUHIRUHZHILUVWFRQVWUXFWWKHIROORZLQJPDWULFHV
W(ωq) = [w0(ωq),w1(ωq),…,wM − 1(ωq)] 
PSL(ωq, θSL) = [p0(ωq, θSL), p1(ωq, θSL),…, pM − 1(ωq, θSL)]
T
pM − 1(ωq, θSL)]
T

pML(ωq, θML) = [p0(ωq, θML), p1(ωq, θML),…,
pM − 1(ωq, θML)]
T

IRUq = 0, 1,…,Q − 17KHQEDVHGRQWKHDERYHPDWULFHVDVHULHV
RIEORFNGLDJRQDORQHVDUHIRUPHGDVIROORZV
W = blkdiag{W(ω0),W(ω1),…,W(ωQ − 1)} 
PSL = blkdiag{PSL(ω0, θSL), PSL(ω1, θSL),
…, PSL(ωQ − 1, θSL)}

PML = blkdiag{pML(ω0, θML), pML(ω1, θML),
…, pML(ωQ − 1, θML)}

SSL = blkdiag{S(ω0, θSL),S(ω1, θSL),
…,S(ωQ − 1, θSL)}

SML = blkdiag{s(ω0, θML), s(ω1, θML),
…, s(ωQ − 1, θML)} .

7KHQWKHl1QRUPPLQLPLVDWLRQIRUVSDUVH'0DUUD\GHVLJQFDQEH
IRUPXODWHGDV
min | |w^ | |1 subjectto | |PSL − W
H
SSL | |2 ≤ α
W
H
SML = PML .

$VWKHUHZHLJKWHGl1QRUPPLQLPLVDWLRQKDVDFORVHUDSSUR[LPDWLRQ
WR WKH l0 QRUP >±@ ZH FDQ IXUWKHU PRGLI\  LQWR WKH
UHZHLJKWHG IRUP LQ D VLPLODU ZD\ DV LQ >@ )RU WKH UHZHLJKWHG
GHVLJQDWWKHLWKLWHUDWLRQWKHDERYHIRUPXODWLRQVEHFRPH
min ∑
n = 1
N
δn
i | |w~n
i | |2
subjectto | |PSL − (W
i)HSSL | |2 ≤ α
(Wi)HSML = PML ,

ZKHUH WKH VXSHUVFULSW L LQGLFDWHV WKH LWK LWHUDWLRQ DQG δn LV WKH
UHZHLJKWLQJ WHUP IRU WKH QWK URZ RI FRHIILFLHQWV JLYHQ E\
δn
i = | |w~n
i − 1||2 + γ
−1 +HUH γ > 0 LV UHTXLUHG WR SURYLGH QXPHULFDO
VWDELOLW\ WRSUHYHQWδni  EHFRPLQJ LQILQLW\ DW WKH FXUUHQW LWHUDWLRQ LI
WKHYDOXHRI DZHLJKW FRHIILFLHQW LV ]HUR DW WKHSUHYLRXV LWHUDWLRQ
DQG LW LV FKRVHQ WR EH VOLJKWO\ OHVV WKDQ WKH PLQLPXP ZHLJKW
FRHIILFLHQW WKDW ZLOO EH LPSOHPHQWHG LQ WKH ILQDO GHVLJQ LH WKH
YDOXH EHORZ ZKLFK WKH DVVRFLDWHG DQWHQQD ZLOO EH FRQVLGHUHG
LQDFWLYH DQG WKHUHIRUH UHPRYHG IURP WKH REWDLQHG GHVLJQ UHVXOW
ZKHUHδni | |w~ni | |2 = (( | |w~ni | |2 )/( | |w~ni | |2 + γ))
7KHLWHUDWLRQSURFHVVLVGHVFULEHGDVIROORZV
L)RUWKHILUVWLWHUDWLRQL(? (?FDOFXODWHWKHLQLWLDOYDOXH| |w~n | |2E\
VROYLQJ
LL6HW L(? (?L( (?8VH WKHYDOXHRI WKH ODVW| |w~ni − 1 | |2 WRFDOFXODWHδni 
DQGWKHQILQGWiDQG| |w~ni | |2E\VROYLQJWKHSUREOHPLQ
LLL 5HSHDW VWHS LL XQWLO WKH SRVLWLRQV RI QRQ]HUR YDOXHV RI WKH
ZHLJKW FRHIILFLHQWV GR QRW FKDQJH DQ\ PRUH IRU VRPH QXPEHU RI
LWHUDWLRQV
7KHSUREOHP LQ  FDQEH VROYHGXVLQJ&9; DSDFNDJH IRU
VSHFLI\LQJDQGVROYLQJFRQYH[SURJUDPV>@
௑'HVLJQH[DPSOHV
,QWKLVVHFWLRQVHYHUDOUHSUHVHQWDWLYHGHVLJQH[DPSOHVDUHSURYLGHG
WRVKRZWKHZRUNLQJRIWKHSURSRVHGPXOWLFDUULHUEDVHG'0DUUD\
VWUXFWXUH DQG WKH SHUIRUPDQFH RI WKH ORFDWLRQRSWLPLVHG VSDUVH
DUUD\LQFRPSDULVRQZLWKDVWDQGDUG8/$
:LWKRXWORVVRIJHQHUDOLW\ZHDVVXPHWKHPDLQOREHGLUHFWLRQLV
θML = 90
∘ DQG WKH VLGHOREH UHJLRQV DUHθSL ∈ [0∘, 85∘] ∪ [95∘, 180∘]
VDPSOHG HYHU\ 1∘ LQ RXU GHVLJQ &RQVLGHU D VWDQGDUG :L)L
 ,(70LFURZ$QWHQQDV3URSDJ
7KH,QVWLWXWLRQRI(QJLQHHULQJDQG7HFKQRORJ\
WUDQVPLVVLRQ 7KH FDUULHU IUHTXHQF\ f 0 LV VHW WR (팀G+] ZLWK D
EDQGZLGWK RI (팀M+] VSOLW LQWR HLJKW IUHTXHQFLHV HLJKWSRLQW
,')77KHGHVLUHGUHVSRQVHLVDYDOXHRIRQHPDJQLWXGHZLWK90∘
SKDVHVKLIWDWWKHPDLQOREH>TXDGUDWXUHSKDVHVKLIWNH\LQJ436.@
DQGDYDOXHRIPDJQLWXGHZLWKUDQGRPSKDVHVKLIWVRYHU WKH
VLGHOREHUHJLRQVIRUHDFKIUHTXHQF\
7RKDYHDIDLUFRPSDULVRQZHILUVWREWDLQWKH'0UHVXOWXVLQJ
WKHPHWKRGLQEDVHGRQDHOHPHQW8/$ZLWKDVSDFLQJRI
KDOIZDYHOHQJWK DW WKH KLJKHVW IUHTXHQF\ %DVHG RQ WKH GHVLJQ
UHVXOWZHWKHQFDOFXODWHWKHHUURUQRUPEHWZHHQWKHGHVLJQHGDQG
WKHGHVLUHGUHVSRQVHVDQGLWVYDOXHUHSUHVHQWHGE\αLVWKHQXVHGLQ
WKHVSDUVHDUUD\GHVLJQDVWKHWKUHVKROG
'HVLJQH[DPSOHZLWKDJLYHQDUUD\JHRPHWU\
7KH UHVXOWDQW EHDP SDWWHUQV XVLQJ  DW IUHTXHQFLHV f 0 − 4Δ f 
f 0 − 2Δ f  f 0 f 0 + 2Δ f  DUH VKRZQ LQ )LJV D±G DQG WKH
FRUUHVSRQGLQJ SKDVH SDWWHUQV DUH GLVSOD\HG LQ )LJV D±G 7KH
EHDP DQG SKDVH SDWWHUQV RQ IUHTXHQFLHV f 0 − 3Δ f  f 0 − Δ f 
f 0 + Δ f  f 0 + 3Δ f DUHQRWVKRZQDVWKH\KDYHWKHVDPHIHDWXUHVDV
)LJ௒5HVXOWDQWEHDPUHVSRQVHVEDVHGRQWKHGHVLJQDW
D f 0 − 4Δ f E f 0 − 2Δ f F f 0G f 0 + 2Δ f

)LJ௒5HVXOWDQWSKDVHSDWWHUQVEDVHGRQWKHGHVLJQDW
D f 0 − 4Δ f E f 0 − 2Δ f F f 0G f 0 + 2Δ f

,(70LFURZ$QWHQQDV3URSDJ
7KH,QVWLWXWLRQRI(QJLQHHULQJDQG7HFKQRORJ\

WKH DIRUHPHQWLRQHG ILJXUHV ZKHUH DOO PDLQ EHDPV DUH H[DFWO\
SRLQWHG WR90∘ ZLWK D UHDVRQDEOH VLGHOREH OHYHO DQG WKH GHVLJQHG
SKDVH DW WKH PDLQOREH GLUHFWLRQ θ = 90∘  IRU WKH FRQVWHOODWLRQ
SRLQWVIROORZVWKHVWDQGDUG436.FRQVWHOODWLRQLHV\PEROVµ¶
µ¶ µ¶ µ¶ FRUUHVSRQG WR 45∘ 135∘ −45∘ DQG −135∘
UHVSHFWLYHO\ ZKLOH IRU WKH UHVW RI WKH θ DQJOHV SKDVHV RI WKHVH
V\PEROV DUH UDQGRP DQG WKHLU SKDVH GLIIHUHQFH DUH VFUDPEOHG
GHPRQVWUDWLQJWKDW'0KDVEHHQDFKLHYHGHIIHFWLYHO\7KHUHVXOWDQW
ZHLJKWFRHIILFLHQWVIRUP(? (?V\PERODWWKHIUHTXHQF\(?
*+]LVVKRZQLQ7DEOH
'HVLJQH[DPSOHZLWKDQWHQQDORFDWLRQRSWLPLVDWLRQ
:LWKWKHVDPHYDOXHRIHUURUQRUPαREWDLQHGIURPWKHDERYH8/$
GHVLJQFDVHZHKDYHVHWWKHPD[LPXPDSHUWXUHWREH15λZLWK
HTXDOO\ VSDFHG SRWHQWLDO DQWHQQDV IRU WKH PXOWLFDUULHU VWUXFWXUH
EDVHGVSDUVHDUUD\GHVLJQ0RUHRYHUγ = 0.001ZDVVHWWRLQGLFDWH
WKDWDQWHQQDVDVVRFLDWHGZLWKDZHLJKWYDOXHVPDOOHUWKDQLV
FRQVLGHUHGLQDFWLYH
)RU WKH UHZHLJKWHG l1 QRUP PLQLPLVDWLRQ PHWKRG LQ  WKH
UHVXOWDQWQXPEHURIDFWLYHDQWHQQDVLVZLWKDQDYHUDJHVSDFLQJ
RI (팀cP DV VKRZQ LQ 7DEOH  )LJV D±G VKRZ WKH EHDP
SDWWHUQV DQG )LJV D±G GLVSOD\ WKH SKDVH SDWWHUQV DW IUHTXHQFLHV
f 0 − 4Δ f  f 0 − 2Δ f  f 0DQG f 0 + 2Δ f DOO LQGLFDWLQJDVDWLVIDFWRU\
GHVLJQ UHVXOW 7KH EHDP DQG SKDVH SDWWHUQV IRU RWKHU IUHTXHQFLHV
KDYHDVLPLODUSHUIRUPDQFHDVWKHDERYHIUHTXHQFLHV
$ SHUIRUPDQFH FRPSDULVRQ EHWZHHQ WKH 8/$ GHVLJQ DQG WKH
UHZHLJKWHGGHVLJQLVVXPPDULVHGLQ7DEOHZKHUHWKHUHVXOWXVLQJ
GLUHFW l1 QRUP PLQLPLVDWLRQ LQ  LH ZLWKRXW UHZHLJKWHG
LWHUDWLRQ LV DOVR LQFOXGHG :H FDQ VHH WKDW WKH\ DOO KDYH D YHU\
VLPLODU VLGHOREH OHYHO KRZHYHU WKH QXPEHU RI DQWHQQDV UHTXLUHG
DIWHU ORFDWLRQ RSWLPLVDWLRQ KDV EHHQ UHGXFHG E\ ILYH XVLQJ WKH
UHZHLJKWHGGHVLJQ$OWKRXJKWKHPHWKRGLQDOVRJLYHVDVSDUVH
VROXWLRQ ZLWK DQ DGMDFHQW DQWHQQD VSDFLQJ ODUJHU WKDQ KDOI
ZDYHOHQJWK WKH QXPEHU RI DQWHQQDV LV LQFUHDVHG IURP  WR 
WKHUHIRUH ZLWK D PXFK UHGXFHG VLGHOREH HUURU KLJKOLJKWLQJ WKH
QHHGIRUWKHSURSRVHGUHZHLJKWHGGHVLJQLQ
௑&RQFOXVLRQV
$ PXOWLFDUULHU EDVHG DQWHQQD DUUD\ VWUXFWXUH IRU '0 KDV EHHQ
SURSRVHG IRU WKH ILUVW WLPH ZKHUH D EDVHEDQG LPSOHPHQWDWLRQ
VLPLODUWRWKHFODVVLF2)'0VWUXFWXUHLQZLUHOHVVFRPPXQLFDWLRQV
LV GHULYHG 7KHQ ZH VWXGLHG WKH DQWHQQD ORFDWLRQ RSWLPLVDWLRQ
SUREOHP LQ WKLV FRQWH[W DQG D FODVV RI &6EDVHG GHVLJQ PHWKRGV
ZHUHGHYHORSHG7KHNH\LV WRILQGDFRPPRQVHWRIVSDUVHUHVXOW
IRUDOOPRGXODWLRQV\PEROVDWDOOIUHTXHQFLHVXVLQJWKHFRQFHSWRI
JURXSVSDUVLW\$VVKRZQ LQ WKHSURYLGHGGHVLJQH[DPSOHV LQ WKH
FRQWH[W RI '0 WKH VSDUVH GHVLJQ KDV DFKLHYHG D PDLQ OREH
7DEOH(? 5HVXOWDQWZHLJKWFRHIILFLHQWVIRUP(? (?V\PERODWWKHIUHTXHQF\(팀G+]EDVHGRQ
Q :HLJKWV Q :HLJKWV
 0.0203 − j0.0189  0.0437 − j0.0455
 0.0212 − j0.0274  0.0490 − j0.0438
 0.0334 − j0.0206  0.0388 − j0.0459
 0.0307 − j0.0258  0.0289 − j0.0368
 0.0390 − j0.0411  0.0366 − j0.0344
 0.0361 − j0.0359  0.0181 − j0.0431
 0.0462 − j0.0368  0.0248 − j0.0288
 0.0440 − j0.0451  0.0231 − j0.0167
 0.0481 − j0.0413  0.0236 − j0.0197
 0.0400 − j0.0384  0.0087 − j0.0217
 0.0528 − j0.0455

)LJ௒5HVXOWDQWEHDPUHVSRQVHVEDVHGRQWKHGHVLJQDW
D f 0 − 4Δ f E f 0 − 2Δ f F f 0G f 0 + 2Δ f

 ,(70LFURZ$QWHQQDV3URSDJ
7KH,QVWLWXWLRQRI(QJLQHHULQJDQG7HFKQRORJ\
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